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Abstract
This paper describes a video eye-tracking algorithm which searches for the best fit of the pupil
modeled as a circular disk. The algorithm is robust to common image artifacts such as the droopy
eyelids and light reflections while maintaining the measurement resolution available by the centroid
algorithm. The presented algorithm is used to derive the pupil size and center coordinates, and can
be combined with iris-tracking techniques to measure ocular torsion. A comparison search method
of pupil candidates using pixel coordinate reference lookup tables optimizes the processing
requirements for a least square fit of the circular disk model. This paper includes quantitative
analyses and simulation results for the resolution and the robustness of the algorithm. The
algorithm presented in this paper provides a platform for a noninvasive, multidimensional eye
measurement system which can be used for clinical and research applications requiring the precise
recording of eye movements in three-dimensional space.
1.0 Introduction
Several different measurement techniques have been utilized to study the reflexive and voluntary
control of eye movements, and these methods have had significant diagnostic value in tests of
visual, oculomotor, and vestibular function. However, a survey of the technical limitations and
artifacts inherent in the most commonly used measurement systems explains why most clinical and
research applications have been restricted to the horizontal plane [1, 2]. Recently, considerable
research has been conducted on the neural processes involved in the coding and control of eye
movements in three-dimensional (3D) space. For example, for the vestibular system to stabilize
gaze and ensure clear vision, there must be a spatial coordinate transformation between vestibular
and oculomotor 3-D reference frames to ensure that eye movements compensate for the head
movement stimulus [3]. Most natural visual and vestibular stimuli contain combinations of
transitional, rotational, and tilt components which elicit a different type of compensatory eye
movement. Clearly a multidimensional measurement system is required to adequately characterize
reflex pathways which are involved in the 3D control of eye movements. Indeed, patient data from
various otolith-ocular tests have already demonstrated the diagnostic potential of using a
measurement system with this capability [4].
Althoughthemagneticsearchcoil techniqueisgenerallyregardedasthemostprecisemeasureof
3Deyemovements,thereareseveraldisadvantageswith thismethodwhichwill continueto limit
its usagewithhumanpatients.Thescleralcontactlenswornby thesubjectduringthisprocedure
mustfit tightly to limit slippageartifacts,andconsequentlyhavepotentialsideeffectsthatrestrict
theavailabletesttime, suchasincreasedintraocularpressureanddegradationin visualacuitydue
to cornealdeformation[5-8]. In addition,thechoiceof materialcompositionfor thesurroundand
restraintequipmentis oftenconstrainedto avoidmagneticfield distortionartifacts.
Of theothermeasurementsystemsavailable,noninvasivevideoimagerecordingappearsto bethe
mostpracticalalternativefor multidimensionaleyemovementanalysis.Underproperillumination
whichusuallyusestheinfraredlight spectrum,theiris imagepatternis characterizedby high
spatialfrequencycomponentsof angulardirectionobtainedfrom theiris musclestriations,whereas
thepupil areaconsistsof acontiguousuniformdarkarea.Then,characteristicsof theiris and
pupil patternscanbeusedto trackhorizontalandverticaleyemovements,torsionangleandthe
pupil radius. Recentadvancesin videoandcomputertechnologieshaveresolvedmanyof the
imagequalityanddataprocessingdifficultieswith thisapproach.Anotherpracticaladvantageof
thisapproachis theability to recordeyeimagesonvideotapefor laterre-analysis.Thisoption
eliminatestherisk of failedmeasurementsdueto thepoorperformanceof theeyetrackingsystem.
However,amajordisadvantagehasbeensensitivityto imagenoiseandartifacts,andalimiteddata
samplingratewhichis confmedbythevideoframerate. Theproblemof limiteddatasamplingrate
couldbeovercomeby usinghigh-speedvideoeventhoughit addscomplexityto thesystem.The
sensitivityto theimagequality ismoreinherento thevideoeyetrackingmethod,andishighly
dependenton theperformanceof eyeimageanalysisalgorithm.
Sincethevideoeyetrackingmethodmostlygeneratesoutputin theform of imagescreen
coordinate,theoutputshouldbeproperlycalibratedto getdatain theform of eyerotationangle.
Thedesignof propercalibrationprocessis animportantanddifficult issue,andwill notbecovered
in thispaper.Thispaperpresentsanalgorithmto measurethepupil locationandsizein theform
of imagescreencoordinate.All theresolutionandaccuracyanalysesin thispapershowthe
performanceof thealgorithmin registeringthepupil parametersin theform of imagescreen
coordinate.
Twomainapproachesin theeyeimageanalysisalgorithmhavebeeneithertotracksmalltwo-
dimensionallandmarksin theeyeimageanddirectlyobtainall parametersof interest,or
alternativelyto sequentiallytrackthesizeandlocationof pupil first andthenobtaintorsion
measurementsfrom theiris patternat somepositionrelativeto thepupil center.
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In the landmarktrackingapproach,thelandmarktemplatesaretakenfrom eyepartswith distinctive
patternssuchastheiris, bloodvesselsonsclera,or artificial marksoncontactlenses.By tracking
locationsof landmarksattwodifferentlocations,relativemovementof theeyeballcanbe
measured.Torsionanglescanalsobemeasuredby calculatinganglesof twotemplatelocations
[9]. Thisapproachisuniquein thateyelocationandcounterrollmeasurementsarenot separate
processes,andthelocationof two templatescanbeusedto calculatebotheyelocationand
counterrollsimultaneously.A majordrawbackof this approachis thevulnerabilityof templatesto
eyemovements.If torsionanglesarenotnegligible,templatesarerotatedandchangedin
rectilinearcoordinates,corruptingcross-correlationcalculations.To overcomethisproblem,
templatesshouldbetakenwith respectopolarcoordinates,thecenterof whichis on theaxisof
torsionmovements.However,theaxisof torsionmovementcannotbedetermineduntil the
locationsof thetemplatesaremeasured.Theonly instancewhentemplatesfrompolarcoordinates
areavailableiswhentheeyeis stationaryin horizontalandverticaldirectionssothatthefixed
centerof the pupil can be used as the axis of counterroll. Another way to overcome the problem is
to use a rotation invariant artificial landmark or a rotation invariant image basis function [10]. The
use of the artificial landmark requires the subject to wear contact lenses, and the image basis
function is computationally expensive, therefore, neither way seems to be practical in noninvasive
video eye tracking applications. Consequently, the landmark tracking method can only be applied
to horizontal and vertical eye movement with very little counterroll, or counterroll movements with
very little horizontal and vertical movements. Even though the method is designed to measure all
three movements, errors are inevitable if horizontal, vertical, and counterroll movements are
present simultaneously.
Many eye image analysis algorithms are adopting sequential measurements of the pupil parameters
and torsion angle with the pupil center as the rotation axis [11-16]. In the sequential measurement
approach, the pupil-tracking process is separated from the torsion calculation process. For this
approach, the resolution of the torsion measurements will depend to a great degree on the accuracy
of each system to locate the pupil center. Even a small error of one or two image pixels in locating
the pupil center could induce the torsion error of a couple of degrees, no matter how advanced the
torsion measuring algorithm is [13]. This paper presents a pupil-tracking algorithm which makes
precise measurement of the pupil center and size, therefore allowing the following torsion
calculation as accurate as it can get.
The pupil-tracking algorithms could be divided into edge-detection and area-detection methods.
Edge-detection methods determine pupil size and position by locating the pupil-iris boundary.
After obtaining multiple edge points around the pupil, the coordinates of the points are usually
either averaged or fitted to an arc to calculate the center of the pupil and its diameter [11, 13].
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Althoughtheedgedetectionalgorithmsareconceptuallysimple,theyareinherentlysusceptibleto
imageartifactsthatoccurin thepupil boundaryregions.It is notaneasytaskto automatically
distinguishcorruptedpupil boundaryandremoveit from thearc-fittingcalculation.Evenwhen
successful,theedge-findingoperationis susceptibleto high-frequencyrandomimagenoisewhich
mayproduceoutliersfor thearc-fittingcalculation.
Theareadetectionalgorithmscanbenefitfrom alargersignal-to-noiseratio; therefore,the
measurementresolutioncanbebetterthantheedgedetectionmethods[18]. Mostareadetection
algorithmspublishedto datehavereliedprimarily on thecentroidalgorithmwhichcalculatesthe
center-of-massof all theblackpixels in thethresholdedeyeimages[12, 14-16,19,20]. Sincethe
centroidalgorithmassumesthattheentirepupil areaexclusivelybecomesblackafterthe
thresholding,it is alsosubjectto measurementerrorwhenportionsof thepupil areoccludedor
whenshadowsoutsidethepupil boundarymeetthepupil thresholdcriteria. Thecaseof occluded
pupil frequentlyhappensin real situationswhentheuppereyeliddroopsfor variousreasonsand
partly coverstheupperpartof pupil, orwhenlight reflectingfrom theanteriorsurfaceof the
cornea,calledPurkinjeimage,appearsin anonnegligiblesizeoneyeimages.
Somesystemstrackthelocationof the Purkinje image, and use it as a basis of compensating
relative head movement with respect to the video camera [14, 18]. They assumed the Purkinje
images fall inside the pupil boundary, and use another threshold value for detecting the Purkinje
images. Once the sizes and locations are calculated, the image areas occupied by the Purkinje
images are regarded as a part of pupil area, and then the size and location of the pupil are
calculated. The major problem in this approach occurs when the Purkinje image falls on the pupil
boundary and some area of the Purkinje image belongs to the region inside the pupil and another
area belongs to the region outside. In this case, it is very difficult to discriminate them and to
correctly compensate the occluded pupil area. Also, the shape of the Purkinje image can get
severely deformed when it is close to the iris and sclera boundary, since the cornea has a different
curvature than the rest of eyeball. In that case, the size and the location of the Purkinje images can
not be readily determined.
It has been indicated that the edge detection method is sensitive to the high-frequency image noise
[18]. Correspondingly, the area detection method is sensitive to the low frequency image artifacts
such as droopy eyelid and Purkinje images. The pupil tracking algorithm that is introduced in this
paper, which is called the disk-fitting algorithm henceforth, is an alternate area-detection method
which minimizes the effect of image artifacts on the performance of the measurement by adopting a
pupil model. It searches for the best fit of the pupil as a circular disk area. The main advantage of
this approach is its robustness to various kinds of image artifacts, since it is capable of neglecting
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smallocclusionsor oufliersfor thesakeof gettingthebestfit of theentirepupil. Thedisk-fitting
algorithmcanstandaloneandbeusedto derivethepupil sizeandcentercoordinates,or canbe
combinedwith iris trackingtechniquesto deriveprecise3-Dmeasurementof eyemovements.It
notonly measuresthesizeandthelocationof thepupil correctly,butalsomakesthesucceeding
torsioncalculationbeasaccurateasit canget.
2.0 Disk-Fitting Algorithm
2.1 Assumptions
Under proper illumination, the pupil itself is easily distinguished from the rest of the image by a
substantial margin of brightness. Therefore, the pupil-tracking algorithm is based on a binary
image which is a thresholded version of the original gray-scale image. (The method to choose the
optimal threshold value is described in section 2.4.) For the binary image, pixels which meet the
pupil threshold criteria are designated as black while all others are designated as white. Usually,
eye images are contaminated by image noise and artifacts which corrupt the binary image in various
ways. Random image noise, shadows from uneven illumination, and, more frequently,
obstructions of the pupil from light reflections or eyelids are common sources of the corruption
which result either in pixels outside the pupil area being thresholded (outlier) or pixels inside the
pupil being excluded (occlusion). The robustness of the algorithm to these types of corruption is
examined in detail in section 3.
In the binary eye image, the pupil is assumed to be a black circular disk. Three parameters
represent the pupil: the horizontal and the vertical coordinates of the center point, and the radius.
These three parameters constitute a pupil parameter vector. A circular disk defined by a pupil
parameter vector will be interchangeably called a pupil candidate in this paper. The main role of the
disk-fitting algorithm is to fmd the optimal pupil candidate which best represents the real pupil in
the binary image in a least-square-fit sense, thus presenting the elements of the corresponding pupil
parameter vector as the location and the size of the pupil.
The disk-fitting algorithm is using two-dimensional area information rather than any particular edge
information since the least-square fitting in the algorithm is based on the whole two-dimensional
image region rather than on selected pupil edge points. The disk-fitting algorithm doesn't depend
on pupil edge points, and the edge finding operation is not required.
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Notations used in the algorithm derivation are as follows:
•N : the number of pixels in the image.
•_/: the binary eye image vector,
I = (I1, I2,..., IN) Ii={ 0 when white
- ' 1 when black
°Pi: the i-th pixel coordinate vector,
P--i = (xi ,Yi )"
o__0:a pupil parameter vector which def'lnes a pupil candidate,
O= (h, v, r)
(1)
(2)
(3)
where h = horizontal position, v = vertical position and r = pupil radius.
°C(O): the set of pixels which are inside the pupil candidate characterized by O,
C(O)={(x,y)l (x-h) 2 + (y--v)2 < r2}.
• Disk(i, Q): the image vector including a pupil candidate defined by O,
t
Disk(i,O) = ! 1 if Pi E C(O)
0 if Pi _ C(O)
(4)
(5)
2.2 Derivation of Least Squares Fit
The proposed disk-fitting algorithm searches for the optimal pupil candidate in the least-squares-fit
sense which minimizes the sum of square error, E, between a given binary eye image and the
image of the pupil candidate that is
N
E = _ (Ii-- Disk(i,O)) 2 • (6)
i=1
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AThe optimal pupil parameter vector, O, defining the optimal pupil candidate minimizes E, that is
Q = argmin E
o (7)
Expanding (6),
N N N
E= _ Ii 2- 2_ (I i xDisk(i,O))+
i=1 i=1 i=1
Disk(i,O) 2
(8)
The first term of (8) is independent of the pupil parameter vector O. Thus, to fred the parameter
vector Q that minimizes E is the same as finding a parameter vector Q that maximizes the negative
reduced error (NRE), defined as the negative of the second and third terms of (8) as follows:
N N
NRE= 2_ (IixDisk(i,O))--_ Disk(i,O) 2. (9)
i=1 i=1
The terms inside the summations in NRE are either 1 or 0 since li and Disk(i, O) are both binary
functions. The term inside the first summation is 1 when the i-th pixel in the image is black and is
included in the pupil candidate defined by a parameter vector O. Therefore, the In'st summation
indicates the number of black pixels included in the pupil candidate defined by a parameter vector
O. The second summation simply represents the number of entire pixels included in the same pupil
candidate.
From (9), the optimal parameter vector, tg, is the one which defmes the pupil candidate which
maximizes two times the number of black pixels less the number of entire pixels included inside.
The optimal pupil candidate, which maximizes NRE, has two tendencies: to include more black
pixels (from the first term) as well as to get as compact as possible (from the second term). These
two tendencies counteract each other such that the optimal pupil model ends up as the best location
and size to include more black pixels while maintaining the size as compact as possible. Without
the second term the pupil model would expand to include all black pixels in the image, even
outliers, and be larger than the actual pupil.
2.3 Maximum Search
Based on the defmition of NRE from (9), the optimal pupil parameter vector to maximize it must be
found. One method to accomplish this would be to calculate NRE for all possible pupil candidates,
and to select the corresponding parameter vector of the candidate which generates the maximum
NRE. This method, which will be referred to as the direct search method, is computationally too
expensive to be implemented in practice since the number of all possible pupil candidates could be
enormous depending on the image size. Therefore, we need to optimize the search for the optimal
pupil parameter vector for a practical implementation of the disk-fitting algorithm.
2.3.1 Comparison Search Method
The NRE characteristic on the parameter vector space provides the basis for this optimized search.
Figure 1 illustrates three artificial pupil images and their corresponding NRE surface profiles in
two-dimensional eye position vector space. The radius of the pupil candidates used in calculating
NRE, called the search radius, is set to a specific value in each NRE surface profile. The figure
shows five NRE surface profiles with different search radii corresponding to each artificial pupil
image. The search radii are the correct radius of the pupil, the smaller radii than the correct one by
5 and 10 pixels, and the larger radii by 5 and 10 pixels. NRE surface profile with smaller search
radius is placed on the left in Figure 1 (b), (c), and (d). As shown in the figures, the general shape
of the NRE surface is an inverted cone.
For the artificial image of the pupil A in Figure 1 (a) which represent noiseless eye images, the
corresponding NRE surface profdes are shown in Figure 1(b). With the search radii different from
the correct pupil radius, the NRE surface profiles have a plateau on top. The plateau gets higher
and smaller as the search radius gets closer to the true pupil radius. Then, the plateau becomes an
apex when the search radius is the same as the true pupil radius. The location of the apex in the
eye position vector space is the same as the pupil center. The pupil B in Figure 1 (a) represents a
pupil with typical image noise and an artifact. The circular disk structure of the pupil is
contaminated by high frequency image noise and a Purkinje image embedded in it. The general
shape of the NRE surface profiles for the pupil B, shown in Figure 1(c), is still an inverted cone
and is very close to the one from the pupil A, even though these are slightly dented. The apex is
formed with the search radius the same as the correct pupil radius, and is located at the pupil
center. Figure 1(d) illustrates the result from a different type of image artifact consisting of three
black lines crossing the pupil in the horizontal direction and one black and one white line crossing
in the vertical direction.
r _ _ r _ lO
Fig. l(a)
Fig.l(b)
Fig.l(c)
A• ? _:.i_
iiPupil C
Fig.l(d)
Figure 1. Artificial pupil images with corresponding NRE surface profiles in two-dimensional eye
position domain. The search radius is assumed to be known: (a) three artificial pupil images, (b)
NRE surface profiles for Pupil A, (c) NRE surface profiles for Pupil B, (d) NRE surface profiles for
Pupil C.
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Thiskind of artifactseldomhappensin arealsituation,butis ratherdesignedto demonstratethe
NRE characteristic. The NRE surface profiles for the pupil C closely resemble the profiles for
other pupils; the difference is the sharp dents introduced by the long and narrow image artifacts.
Again, the apex is formed with the search radius the same as the correct pupil radius, and is located
at the pupil center.
The inverted cone shape of the NRE surface profiles suggests that NRE increases gradually as the
pupil parameter vector is getting closer to the optimal one. This is also apparent when considering
(9) since a pupil candidate closer to the true pupil would include more black pixels and fewer white
pixels. The search for the optimal pupil parameter vector can thus be achieved by comparing the
NRE of the pupil candidate defined by the current parameter vector with those of its neighboring
vectors in the parameter space, and updating the current vector with the one that has the largest
NRE among neighbors. When the current parameter vector reaches the point of having a larger
NRE than its neighbors, that vector is considered to be the optimal pupil parameter vector. This
method of finding the optimal parameter vector by the comparison-update iterations will be referred
to as the comparison search method.
We can compare values of NRE from two adjacent parameter vectors in the parameter space by
inspecting only a small number of pixels. If pupil candidates defined by two parameter vectors
overlap, the common area contributes the same amount to the NRE of both candidates because two
times the number of dark pixels less the total number of pixels is fixed for this region; therefore,
only the data from the non-overlapping area needs to be compared. Figure 2 shows two cases of
overlapping pupil candidates defined by adjacent parameter vectors, where pupil candidate 1 and
pupil candidate 2 have the common area S. The case 1 of Figure 2 shows pupil candidates of the
same radius but with different center locations by d, and the case 2 shows two candidates of the
same center location with different radii by d. Comparison of NRE contributed by S1 and $2 in
the case 1, and $3 in the case 2, determines which candidate has the larger NRE since they are the
marginal areas. If the margin d between two pupil candidates is one pixel, the smallest quantized
step in image domain, then S1, $2, and $3 narrow to an area of just a few pixels. Only these
small number of pixels need to be examined to calculate NRE of marginal areas, and determine
which pupil candidate vector has the larger NRE.
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©
Case 1 Case 2
Comparison of two neighboring pupil candidates illustrates a common area S. Only
comparison of the non-overlapping regions, S 1 from pupil candidate 1 and $2 from pupil candidate
2, is required to compare their relative NRE.
Figure 3 illustrates the relationship between the computational savings from limiting the
comparison to these marginal regions and the size of the pupil. Based on the case 1 of Figure 2, if
the comparison of the entire area is used, every pixel in area S and S 1 will be included for pupil
candidate 1, and every pixel in area S and $2 will be included for pupil candidate 2. Since the area
of S 1 is equal to the area of $2, the total number of pixels included in the comparison of the entire
area would be equal to two times the sum of area S and area S 1. However, by limiting the
comparison to the non-overlapping areas, the number of pixels to be included in the comparison of
two pupil candidates can be reduced to the sum of areas S 1 and $2 (which is equivalent to two
times the area of S1). The difference in number of pixels required for these two approaches can be
expressed as a ratio of the size of the area S 1 (corresponding to a comparison search of the non-
overlapping regions only) to the size of the area S plus area S 1 (representing a search of the entire
pupil regions). As shown in Figure 3, this size ratio becomes smaller as the radius gets larger,
meaning that there are more computational savings for a larger radius. A similar relationship exists
for the case 2 of Figure 2.
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Figure 3. Ratio of the size of areas required to compare two pupil candidates using only the non-
overlapping regions (S1) versus the entire pupil areas (area S+ area S1). As shown, this size ratio
varies as a function of pupil radius.
2.3.2 Look-Up Tables for Relative Pixel Coordinates
Even though only the non-overlapping regions need to be compared, the comparison search
method still requires a large number of calculations to determine which pixels are included in the
marginal areas such as S1, $2, and $3 in Figure 2. However, if the step size d between two
parameter vectors to compare is fixed to a certain value throughout the whole search process, the
process can take advantage of a look-up table specifically designed for comparing pupil candidates
separated by the certain distance. For different geometric relationships between the current and the
neighboring pupil candidates to compare, the relative pixel coordinates in the marginal areas
relative to the center of the current pupil candidate can be predetermined and stored in different
look-up tables. Using these tables, only additions are required to determine the absolute position
of pixels in the marginal areas. Besides reducing the overall number of calculations required, the
absence of multiplication steps in the calculation is a key source of computational savings.
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Theadjacentpupil parametervectorscomparedwith thecurrentonein acomparison-update
iterationmayincludeall of the26surroundingrid pointsin 3Dparametervectorspace,orjust the
6 surroundingpointslocatedalongthethreemajorparameteraxes(horizontalposition,vertical
position,andpupil radius). Bothhavesimilarconvergingpathsfor theoptimalpupil candidate.In
thecurrentsystemimplementation,the6-neighborsystemisusedwith thelook-uptablessinceit
requiresfewercomputations.
2.3.3 Initial Parameter Vector
Since the comparison search method uses iterative updates of the current parameter vector, the
choice of the initial parameter vector plays an important role in the convergence characteristic of the
algorithm. Without any prior information on eye movements, one reasonable choice for the initial
pupil parameter vector for each image frame is the parameter vector determined for the previous
frame. An alternative is to use the result of a centroid algorithm. Figure 4 compares these two
approaches by plotting histograms of the number of iterations required to converge on the optimal
parameter vector using a set of typical yaw rotatory test data. During such an experiment, the
subject passively rotated in darkness using a sum-of-sines profile with a frequency range from
0.02 Hz to 1.39 Hz. This recording lasts approximately 370 seconds, and includes approximately
50 eye blinks. As shown in Figure 4, both methods provide good first approximations, and
usually require less than 10 iterations to complete the comparison search for the optimal parameter
vector.
Although both types of initial parameter vector converge to the same result, using the optimal
parameter vector for the previous frame as a starting point is better for this data set than using the
centroid estimate, typically requiring less than 5 iterations to converge. The greater number of
iterations required when using the centroid estimate as an initial vector may result from
measurement bias of the centroid algorithm since the pupil is partly occluded by a droopy upper
eyelid during part of this run and there are light reflections within the pupil boundary. The number
of iterations required when the parameter vector from the previous image is used as an initial vector
depends directly on the velocity of the eye movement. The slower the eye moves, the less the
number of iterations are required for each image frame. The choice between the two methods
might depend on how dominant the image artifacts are, and how fast the pupil parameters are
changing. There is an obvious extra computational cost involved in executing the centroid
algorithm. For most of the data collected in our laboratory, using the optimal parameter vector of
the previous image frame has been far more efficient.
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Figure 4. Iterations required to converge on optimal pupil model using the results from the
previous frame as initial parameters (circle marks) versus the centroid estimate of the current frame
as initial parameters (cross marks).
2.4 Image Threshold
Since the disk-fitting algorithm relies on binary images derived from the gray-scale video frames,
establishing the proper threshold is important for the accuracy of the algorithm. Several techniques
have been published for choosing the optimal threshold in various senses of optimality [21]. For
the disk-fitting algorithm, a new optimality criterion is defined to minimize the least-square-fit
error. A binary eye image based on any threshold value has its own optimal parameter vector with
its associated fitting error. The optimal threshold for the disk-fitting algorithm is defined to be the
one that results in the smallest optimal fitting error. In other words, the binary image with the
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optimalthresholdproducessmallerleast-square-fiterrorthan binary images with other threshold
values on the same gray-scale image.
To find the optimal threshold for a frame of pupil image, the optimal fitting error for every
threshold value must be found and compared. The fitting error is based on the error term E from
(8). This step could be an expensive operation, since up to 256 binary images from a single gray-
scale image (corresponding to 256 different gray levels) might need to be analyzed for the
corresponding optimal pupil parameters and fitting error.
However, given a fairly uniform illumination of the eye, this threshold choosing step is typically
required only once for the very first image frame of the video image frames. Also, searching a
reduced threshold set with a practical range (e.g., 100 to 250) and larger threshold step Sizes (e.g.,
5) provides a pseudo-optimal threshold which has been satisfactory for most of the data collected
in our laboratory.
2.5 Subpixel Interpolation
The nature of the comparison search method causes pupil parameter values to be quantized. In the
current implementation of the disk-fitting algorithm, the three resulting parameters (horizontal and
vertical center coordinates and pupil radius) are quantized by the step size of one pixel, the smallest
screen measurement. To achieve a smooth output and a subpixel resolution, we use a quadratic
interpolation of NRE with three points on each major axis in the parameter domain. These three
points are the quantized optimal parameter value itself, the optimal parameter value plus one, and
the optimal parameter value minus one. The quadratic interpolation method has been generating a
satisfactory result, ensuring the final parameter value within a half pixel distance from the
quantized optimal parameter value.
2.6 Elliptic Appearance of Pupil
The algorithm searches for the pupil as a circular disk, and derives pupil sizes and center
coordinates based on this model. However, as the visual axis of the eye deviates from the camera
optical axis, the projection of the 3D ocular anatomy onto the two-dimensional image plane may
cause the shape of the pupil to become an ellipse. In fact, the boundary of the pupil in the image
will always be elliptical except when the eye is looking straight into the camera lens, and the
magnitude of this effect will be dependent on the angle of gaze.
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Regardless of the radius, the circular disk concentric with an ellipse has a larger overlapped area
with the ellipse than other circular disks of the same radius. If the ellipse is a black pupil, the
concentric circular disk will have larger NRE than other disks of the same radius, since it will
include most black pixels. Thus, the optimal pupil candidate----the circular disk with the largest
NRE-----will have the same center as the elliptic pupil.
Since an ellipse has two radial distances on its two major axes, the single radius parameter in the
pupil candidate cannot represent the size of an ellipse accurately. However, there is a certain
relationship between two radii of the ellipse and the radius of the optimal pupil candidate. The
radius of the optimal pupil candidate is not larger than the longer radius of the ellipse. If it is
larger, the pupil candidate will include more white pixels with the same number of black pixels,
thus reducing NRE. Also, the radius of the optimal pupil candidate is not smaller than the shorter
radius of the ellipse. If it is smaller, the pupil candidate loses black pixels and total pixels at the
same rate, thus reducing NRE. Therefore, the radius of the optimal pupil candidate falls between
the longer and the shorter radius of the ellipse. Figure 5 shows the optimal radius measured by the
disk-fitting algorithm when the pupil is an ellipse with the major radius of 130. The abscissa of the
graph is the minor radius of the pupil ellipse. The graph is achieved by a computer simulation
using artificial elliptic pupils with the fixed major radius of 130 and the variable minor radius. The
optimal radius by the disk-fitting algorithm is shown to be between the major and the minor radii of
the pupil ellipse. When the minor radius is the same as the major radius, the pupil becomes a
circular disk, and the optimal radius becomes the same as the pupil radius.
The disk-fitting algorithm, therefore, will find the correct center of the elliptic pupil and an
approximated radius of two elliptic pupil radii, even though the algorithm is using the perfect
circular disk model for the pupil.
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Figure 5. Optimal radius measured by the disk-fitting algorithm when the pupil is an ellipse with
the major radius of 130. The abscissa of the graph is the minor radius of the pupil ellipse.
3.0 Performance Evaluation
3.1 Effect of Random Image Noise
This section presents the performance of the disk-fitting algorithm. The performance is expressed
in terms of the mean offset of the pupil center measurement and the standard deviation of the radius
measurement with different amounts of random image noise.
3.1.1 Method
We used four-second-long artificial eye images to calculate the mean offset of the pupil center and
the standard deviation of the radius measurement. A computer then adds a certain amount of
random image noise to the original eye images. The disk-fitting algorithm measures the pupil
centers and radii of both the original and the noise-added images. The discrepancy of the two
measurements is used as the error due to the added random image noise.
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Wegeneratethesimulatedeyeimagesin four steps:
1. Thenoiselesseyeimageis generated.
2. Independentidenticallydistributed(i.i.d.) Gaussiannoiseis added.
3. Theimageisblurred.
4. Anotheri.i.d. Gaussiannoise is added.
For eachsetof parametersdefiningimagefuzzinessandimagenoise,50eyeimagesaregenerated.
We thenmeasurethepupil locationandtheradiusby boththedisk-fitting algorithmandthe
centroidalgorithmfor comparison.
3.1.1.1 Pupil Model
The gray-scale artificial eye image P(x,y) is generated by
P(x,y) = 50 + 190
[('X/(X-Xo)2;(Y-yo)2)2m+ 1] (10)
where (Xo, Yo) is the center coordinate and r is the radius. The power m adjusts the fuzziness on
the pupil boundary. The gray-scale eye image in (10) simulates 8-bit-deep images where the pure
black is 255 and the white is 0. With the power m of 10 to 50, (10) generates eye images similar
to real ones, as depicted in Figure 6.
Fig. 6.(a) Fig. 6.(b) Fig. 6.(c)
Figure 6. Samples of artificially generated pupil images using equation (10): (a) when m = 10, (b)
when m = 30, (c) when m = 50.
3.1.1.2 Random Noises and Blurring
The first i.i.d. Gaussian random noise is then added to each pixel to simulate the random image
noise in the image-recording phase. Zero mean and different standard deviations are used to
represent different noise conditions. Then, the image is low-pass filtered by a 3-by-3 matrix B
using (11) to make the independent noise correlate in two-dimensional image space.
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where k = (3 + _-)-1. (11)
Simulating the noise involved in the image grabbing phase by a framegrabber, another i.i.d.
Gaussian is then added after the low pass filtering. The mean is zero and the standard deviation is
set to be one-fourth of the first Gaussian noise, which is added before the low pass filtering.
3.1.1.3 Data Measurement
This simulation includes combinations of 5 different values of the power m and 5 different noise
standard deviations. The power m ranges from 10 through 50 by the step size of 10, and the noise
standard deviation ranges from 8 through 40 by the step size of 8. Figure 7 shows sample images
with the minimum and maximum values for these two variables. For each combination of power
m and noise level, we generate 50 images by using new sets of random noises, and analyze them
by the disk-fitting algorithm and the centroid algorithm. We use two quantities to compare the
resolutions of the two pupil-tracking algorithms: the mean offset of the pupil center measurement
and the standard deviation of the radius measurement.
The mean offset is calculated using (12),
N
mean offset = Ni___l _/(mi--m)2+(ni--n) 2 (12)
where (mi, ni) is the measured pupil center coordinate from the i-th image, and (m, n) is the real
pupil center coordinate used in the simulation. N is 50 (the number of images per set). The mean
offset is the average distance between the real pupil center and the measured one. A better
measurement algorithm generates a smaller mean offset.
The other quantity used for comparison is the standard deviation of the radius measurement. Since
the gray-scale pupil model generated by (10) has a smooth edge, the radius of the pupil in the
thresholded binary image varies according to the threshold value used. Therefore, the consistency
of the radius measurement is used to evaluate the performance of the two algorithms to measure the
pupil radius.
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Fig. 7.(a) Fig. 7.(b) Fig. 7.(c)
Fig. 7.(d) Fig. 7.(e) Fig. 7.(f)
Fig. 7.(g) Fig. 7.(h)
Figure7. Artificial pupil images used in the simulation with their corresponding thresholded binary
image: (a, e) m = 50, noise variance = 8; (b, f) m = 50, noise variance = 40; (c, g) m = 10, noise
variance = 8; (d, h) m = 10, noise variance = 40.
3.1.2 Simulation Results
As summarized in Figure 8, the simulation results indicate that both the disk-fitting algorithm and
the centroid algorithm generate almost identical results for images without artifacts but with
variable levels of fuzziness and random noise. As observed from Figure 8(a) and (b), the mean
offset of the center measurement is less than 0.05 pixel unless the image is very fuzzy (small
power m) with high noise variance. The standard deviation of the radius measurement from both
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algorithms(Figure8(c)and(d)) is alsolessthan0.05pixel for mostimagesets.Althoughthe
disk-fittingalgorithmshowsslightlybetteroverallresolutionin thepupil centercoordinate
measurements,thecentroidalgorithmshowsslightly lessvariancein thepupil radius
measurements.However,thesedifferencesarequitetrivial. Therefore,this first simulation
suggeststhat,for imageswith only randomnoiseandwith no occlusionsof thepupil area,the
measurementresolutionsof thecentroidandthedisk-fitting algorithmsarealmostidentical.
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Figure 8. The performances of the disk-fitting method and centroid method are compared using
simulated blurred images and random noise: (a) the mean of center location offset from the disk-
fitting algorithm, (b) the mean of center location offset from the centroid algorithm, (c) the standard
deviation of the radius measurement by the disk-fitting algorithm, (d) the standard deviation of the
radius measurement by the centroid algorithm.
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3.2 Performance With Occlusions of the Pupil Area
Although the previous simulation accounts for fuzziness and random noise, eye images are
susceptible to more serious types of artifacts which can result in systematic measurement bias of
the pupil center coordinates or pupil radius. Such errors result from false detection of pixels
outside the true pupil area or missed detection of pixels inside the true pupil area. Two common
examples which lead to missed detection of pixels occur during occlusion of the pupil from either
light reflections or eyelids. Although different techniques have been devised to bypass these
artifacts, the performance of these techniques tends to be case-selective and subject to their own
biases when other artifacts are unaccounted for.
Certainly the robustness of a pupil-tracking algorithm to these common artifacts is critical to avoid
systematic measurement bias. The purpose of this section is therefore to analyze the performance
of the disk-fitting algorithm with two of the most frequently encountered artifacts---the droopy
upper eyelid and a light reflection in the pupil boundary---and to compare its performance with the
centroid algorithm using simulated eye images.
3.2.1 Effect of Droopy Eyelid on the Disk-Fitting Algorithm
It is common during routine oculomotor testing for the upper eyelid to partly cover the pupil,
especially during tests conducted in darkness to assess vestibulo-ocular reflexes, or during large
gaze shifts when fixating on targets offset vertically from the normal line of sight. A partly
covered pupil invalidates the basic assumption of the pupil model as a circular disk, and might
introduce an error in the disk-fitting algorithm. If the radius of the pupil was known a priori, this
error would be minimized since the pupil candidate with the correct radius should become
concentric with the pupil in order to include the maximum number of black pixels. However, a
number of neuronal factors can influence pupil dilation and, with the exception of pharmacological
intervention, the pupil radius is seldom constant. Therefore, with a partly occluded pupil, the disk-
fitting algorithm might underestimate the pupil radius parameter and bias the center coordinate
measurement.
Figure 9(a) illustrates this case: The eyelid is represented by the straight line on the pupil, and the
black area is the visible pupil. The pupil candidate of boundary cl has its center on the y-axis and
extends from the bottom of the real pupil to the bottom of the eyelid. The boundary c2 is for the
real pupil. For a given search radius, the maximum NRE will be obtained when the center of the
pupil candidate is positioned along the vertical y-axis, since a pupil candidate off the axis cannot
include more black pixels than the one on the axis. Also, the bottom of the pupil candidate with the
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maximumNRE has to meet the bottom of the pupil just like the candidate of boundary cl.
Otherwise, the candidate either misses some black pixels or includes unnecessary white pixels.
Satisfying the above-mentioned conditions, the radius of the optimal pupil candidate is no less than
the radius of boundary cl, since the candidate of boundary cl will always contain more black
pixels than others with a smaller radius. Likewise, the radius of the optimal candidate is no larger
than the radius of boundary c2 since, otherwise, the total number of pixels would increase without
adding more black pixels. Therefore, the boundary of the optimal pupil candidate for the covered
pupil will be between the boundary cl and c2. With these guidelines, this analysis focuses on the
behavior of NRE for pupil candidates whose boundaries are between c 1 and c2. The center
positions of these candidates reside between (0,-d/2) and (0,0) using the coordinate system
introduced by Figure 9(a), where d is the distance between the top of the pupil and the edge of the
eyelid.
Figure 9(b) is a redrawn version of Figure 9(a) with the orientation change for a more convenient
arithmetic in the analysis. The smaller disk in Figure 9(b) is a pupil candidate whose boundary is
between cl and c2 (as defined in Figure 9(a)). The true pupil is centered at the coordinate origin,
with the radius r. The left edge of the pupil candidate must meet the left edge of the true pupil at
(-r, 0) to satisfy the condition that the boundary of the optimal pupil candidate be between the
boundaries cl and c2. The term ox represents the deviation of a candidate pupil center from the
center of the true pupil, and d is the distance from the right edge of the true pupil to the eyelid. A
non-positive d means an uncovered pupil. If d equals r, half of the pupil is covered by the eyelid.
With these structures, ox for candidates of interest whose boundaries are between the boundaries
cl and c2 wiU range from 0 to d/2. When ox equals 0, the boundary of the corresponding pupil
candidate coincides with the true pupil boundary, and when ox equals d/2, it coincides with the cl
boundary. For a given amount of pupil cover, d, the measurement error is represented by the
center deviation, ox, of the optimal pupil candidate.
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Figure 9. Models of a pupil with partial occlusion from a droopy eyelid: (a) normal orientation,
illustrating the expected range of pupil candidate sizes from the true pupil (c2) to the one with a
minimal pupil radius (cl); (b) 90-degree clockwise rotation of A, showing a pupil candidate
centered at -ox with a pupil boundary between cl and c2.
When the amount of cover, d, is less than the pupil radius, r, NRE for a pupil candidate centered at
(-ox,0) is
NRE(ox) = 2{ _(r-ox) 2 - area(S) } - :_(r-ox) 2 (13)
where (r-ox) is the radius of the pupil candidate. The terms inside the large parenthesis represent
the area (or the number) of black pixels, and the area(S) is the size of the occluded area in the
candidate disk. Quantitatively, area(S) is
Ir - 2oxl
area(S) = / 2_/(r - ox) 2 - (x + ox) 2 dx
,t
[r - dl
=(r-ox,2{acos( r rd+;x)-lsin(2ac°s(-r--d+-°x]]l- r-ox I1!
(14)
for a candidate whose boundary is between cl and c2 as shown in Figure 9.
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Figure 10(a) shows NRE for pupil candidates between cl and c2 as a function of the center
deviation, ox, of the pupil candidate with different amounts of pupil cover, d. The radius of the
true pupil, r, is 10. When the amount of pupil cover, d, is less than about one third of the true
pupil radius, r, the maximum of NRE occurs at ox equal to 0, meaning that the optimal pupil
candidate is concentric with the true pupil. Therefore, the disk-fitting algorithm generates no bias
in the pupil center measurement. For a larger degree of pupil occlusion, the maximum occurs at a
non-zero ox. Derivatives of these curves, shown in Figure 10 (b), show more clearly where these
maxima occur.
An analytic expression of the maximum's location could be achieved by differentiating (14) with
respect to ox, and calculating the value of ox to make the derivative zero. Due to a calculational
difficulty in achieving this analytic expression, an approximate solution is presented using the zero
crossing points from Figure 10(b). If these zero crossing points are plotted in the (ox, d) plane,
the points approach a straight line which is
OX =
0 for O< d <10
3
10-0"14(d20- 3.5 - 35)+0.14. for _Q< d <20
(15)
The linear approximation (15) is based on the assumption that the radius of the true pupil is 10.
For a general radius of the true pupil, r/lO is inserted into (15), to generate
J ?.0 for O< d <_OX =
/ r-U/10-0"14(10d-3"5)+0"14)10,20-3.5r f°r r d<2r3"_
(16)
The generalized linear approximation (16) can be used as an approximation to predict the error
when the radius of the true pupil and the amount of pupil cover are known.
As shown in Figure 10 for a true pupil of size 10, the disk-fitting algorithm generates measurement
bias only when the pupil was occluded by more than 30% of its size. With a smaller occlusion
than 30 %, the disk-fitting algorithm measures the pupil location and size without any bias.
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Figure 10. Measurement errors for pupils with a partial occlusion from a droopy eyelid can be
derived by examining the value of ox at the NRE maxima. Each line represents a different amount
of occlusion (defined by d): (a) the NRE graph for different amounts of occlusion; (b) derivatives
Of the NRE curves showing more clearly where the maxima occur (crossing the abscissa).
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3.2.2 Effect of Light Reflection on Disk-Fitting Algorithm
The light reflection on the pupil is a major obstacle for video eye-tracking systems. The first case
to consider is when a light reflection is on the pupil boundary, and then the case will be
generalized. Figure 11 is a pupil model with a light reflection centered on the pupil edge. The
radius of the light reflection is d. With an analogous logic to the one provided in the droopy eyelid
analysis, a similar condition applies to the optimal pupil candidate.
¥
X
Figure 11. Model of pupil occluded by a light reflection centered on the pupil edge. The dashed
boundary depicts a pupil candidate centered at ox which is an indication of measurement error. In
this case, d refers to the radius of the light reflection.
Using the coordinate system in Figure 11, the center coordinate of the optimal pupil candidate
should be between (0,0) and (-d/2,0), and the left end of the optimal candidate should meet the left
end of the true pupil. Based on these conditions, NRE of pupil candidates whose center (-ox, O) is
located between (0,0) and (-d/2,0) is derived for examining the center measurement bias. NRE of
a pupil candidate whose center is at (-ox, O) can be calculated using (13). The area(S) is the area
(or the number) of white pixels inside the pupil candidate, and can be determined from
xp r - 2ox
area(S)= f 2_/d2-(x-r)2dx + f 2_/(r-ox)2-(x + ox)2dx
r-d xp
(17)
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where
r 2 - r x ox - d2/2 (18)
xp = ox + r
The term xp is the x coordinate where two circle boundaries of the light reflection and the pupil
intersect with each other. As with the droopy eyelid analysis, NRE(ox) is plotted in Figure 12 for
a different radius, d, of the light reflection with a true pupil radius of 10. The curves show that
light reflection whose radius is greater than about 8 cause the maximum of NRE to occur at
nonzero ox, which results in measurement bias. Zero crossings in derivative curves occur only for
light reflections whose radii are bigger than about 8.1. When the size of the light reflection is
about 8.1, which is the critical size for the true pupil of size 10, the x coordinate of the intersection,
xp, can be determined from (18) using ox = O, and d -8"lr and results in 2r. In other words, as
-5o-' 3
long as the intersection coordinate, xp, is less than one-third of the size of the true pupil radius,
there is no systematic measurement bias due to the light reflection. Therefore, the disk-fitting
algorithm measures the location and the size of the pupil correctly even when the pupil is corrupted
by a light reflection as large as four-fifths of the pupil size if the light reflection is centered on the
pupil boundary.
This result can be generalized to the case of a light reflection which is not centered on the pupil
boundary. If the light reflection is centered outside the pupil boundary, the light reflection
occludes less pupil area than the reflection centered on the pupil boundary. Therefore, the disk-
fitting algorithm gets less affected and will be more robust to even a larger reflection. When the
reflection is centered inside the pupil, the disk-fitting algorithm is less robust since the reflection
occludes more pupil area. A simple rule of thumb is that if an entirely black pupil candidate can be
formed inside the pupil, in a size larger than the embedded light reflection, there wouldn't be a
measurement bias. With the black pupil candidate as the current one, the current candidate will
grow in size throughout the iterations of comparison and update. During the update process, the
center of the embedded reflection will fall on the boundary of the current candidate. Then, with the
increased size of the candidate, the size ratio between the reflection and the candidate will be
smaller than 8.1/10, which is the approximated critical ratio found from the previous analysis and
Figure 12. Therefore, the current pupil candidate can keep being updated until it fits to the true
pupil.
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Figure 12. Measurement errors for pupils with a partial occlusion from a light reflection can be
derived by examining the value of ox at the NRE maxima. Each line represents a different amount
of occlusion (defined by d): (a) the NRE graph for different amounts of occlusion; (b) derivatives
of the NRE curves showing more clearly where the maxima occur (crossing the abscissa).
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A light reflection centered on or outside the pupil boundary might shift the location of the apex in
the NRE surface profile if the reflection size is larger than the critical size. A reflection centered
inside the pupil, however, may cause a local maximum in the NRE surface profile depending on
the relative size and location with respect to those of the true pupil. Even when a local maximum
exists in the NRE surface profile, the likelihood of a false convergence on the local maximum is
dependent on the choice of the initial current pupil candidate. Provided an initial search radius
close to the true pupil radius, the comparison search will converge on the true pupil parameters
even with a larger light reflection.
3.2.3 Comparison of Centroid and Disk-Fitting Algorithms With
Simulated Artifacts
To compare the robustness of the disk-fitting algorithm relative to the centroid algorithm, we used
both algorithms to analyze simulated eye images which are generated using a combination of
artifacts. Simulated eye image is created using (10) with a power m for fuzziness control set to 20
and noise standard deviation set to 20. We generated 120 simulated eye images with a pupil at
different locations and three kinds of artifacts at fixed locations. As illustrated in Figure 13, these
artifacts include an upper eyelid partly occluding the upper part of the pupil, three light reflections
of various sizes, and a shadow along the bottom part of the pupil. The different positions of the
artificial pupils simulate a sinusoidal eye movement in the horizontal plane at 0.5 Hz (based on
120 samples over 2 sec) at an amplitude of 15 pixels. The vertical position and the radius are fixed
throughout the simulation.
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Figure 13. Artificial pupil images used in the simulation with their corresponding thresholded
binary image: (a)(b) pupil positioned far left, (c)(d) pupil at center, (e)(f) pupil positioned far right.
The image size was 120 by 120 pixels. The vertical center coordinate and the radius are set to be 60
and 40, respectively, with the origin at the upper left comer. The upper eyelid covers all pixels
whose vertical coordinate is less than 24 (i.e. d = 4). The horizontal center, vertical center, and
radius for the reflections are (88, 35, 9), (60, 45, 7) and (20, 65, 5). The maximum width of the
shadow is 5 pixels.
Figure 14 depicts the horizontal and vertical measurement errors from both algorithms. As shown
in these graphs, the error from the disk-fitting algorithm is not only substantially smaller than the
centroid algorithm, but was also more homogeneous with no apparent pattern. The centroid
algorithm, on the other hand, is highly sensitive to the artifacts, and the measurement error varies
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asafunctionof thepupil positionrelativeto theartifactpositions.Thiserrorvariabilitycouldlead
to awrongscientificinterpretationof eye movement data since the magnitude of distortion depends
on the amount of pupil occlusion which can systematically vary with eye position.
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Figure 14. Measurement errors from the disk-fitting algorithm and centroid algorithm during a
simulation of horizontal sinusoidal eye movements, (a) the errors of horizontal center measurement;
(b) the errors of vertical center measurement.
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Theperformanceanalysisusingblurredimageswith randomnoise(in section3.1)suggeststhat
bothalgorithmshavearesolutionof approximately0.05pixels. Theresultsfrom thissimulation
differ in thattheerrorfrom thecentroidalgorithmcanbein theorderof severalpixelswhen
artifactseitherobscurepartof thepupil or createshadowsin theimage.Althoughthedisk-fitting
algorithmalsogenerateslightly largererrorswith thesemoreobtrusiveartifacts,thesuperior
performanceof this algorithmevenwith theseartifactsis quitecompelling.Simulationswith these
typesof artifactsaremorereasonableapproximationsto whatcanbeexpectedin actualtest
environments.
4.0 Implementation and Examples
We implemented the disk-fitting algorithm using a personal computer system. As illustrated in
Figure 15, the system comprises a personal computer as a host-processing unit, three computer
interface boards (framegrabber board, fast memory board, and digital signal processing board) and
a computer controlled videocassette recorder (VCR). The current system uses off-line image
analysis of videotapes to provide a more flexible programming environment for algorithm
enhancement. Routines to automatically preset threshold parameters and adjust template settings
have enabled the implementation of a batch processing capability. A video time-code inserter
allows the use of a common time-code for synchronization with other signals, such as stimulus
waveforms, which are archived in separate files.
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Figure 15. Block diagram of the VDAC system illustrating the flow of images through the frame-
grabber (solid lines), and the flow of software data (dashed lines) and control signals (dotted lines).
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While analyzingvideotapes,thehostcomputercontrolstheVCR to feedacertainnumberof
imagesto thememoryboardthroughtheframegrabber.Thesystemhascurrentlybeen
implementedwith NTSCformat,andit analyzesevenandoddfieldsof theimageseparatelyto
supporta60Hz samplingrate. It thenanalyzestheimagesstoredin thememoryusingthedisk-
fitting algorithmto trackthepupil. Followinggray-scalecapturingof avideofield, thesystem
createsabinaryimageby thresholdingon thepupil gray-scalelevel. Thedisk-fittingalgorithmis
usedwith thisbinaryimageto derivethehorizontalandverticalcoordinatesof pupil centerand
pupil radius. Look-uptables(describedlater)areretrievedfrom computermemoryto optimizethe
searchfor optimalpupil parameters.Largestepchangesin thepupil radiusparameterareusedto
flagperiodsduringeyeblinksasanaidfor furtherdataprocessing.A flexibleuserinterface
allowstheuserto setup runparametersfor batchprocessing,andto customizethedisplayto
monitorthetrackingperformanceonline.
Wecaneasilyexpandthesystemto addOtherprocessingsteps,suchasgeometricalcorrectionto
accountfor ellipticaldistortionsandtorsionmeasurementsfrom theiris pattern.For example,we
currentlyretainthegray-scaleimageto derivecounterrollmeasurements.Uponlocatingthepupil
center,cross-correlationsof multipleone-dimensionaltemplatesonapartialannulusoverlyingthe
iris areusedto calculateoculartorsion[13].
A recentspeedtestonaPowerMacintosh8100/110platformshowedthatit takeslessthan1/60th
of asecondtotrackthesizeandlocationof thepupil only andslightlymorethanthatto include
torsioncalculations.Thetestprovedthatthedisk-fittingalgorithmwith atorsioncalculationcould
beimplementedintoareal-timesystemwith propercodeoptimizationandmodificationof image-
handlinginterfaces.
Thesystemwith thedisk-fitting algorithmhasbeenusedfor analyzingvideoeyeimagesof more
than30hoursfrom variousexperimentsof theNASA NeurosciencesLaboratory.Thequalityof
thevideoeyeimagevariesconsiderablydependingonthetypeof camera,thesubject,andthe
operatorof eachexperiment.Figures16(a)and(b)showtwo typesof videoeyeimagescollected
duringtheexperiments.Figure16(a)isasnapshotof oneof thebestquality images,andFigure
16(b)is of theworstquality images.Obviously,thecounterrollmeasurementisnotpossiblewith
thevideoeyeimageslike Figure16(b)sincetheimageis too smearedandno iris patternis visible.
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Figure 16. Snapshots of real video eye images.
Even with the broad difference in the image qualities, the disk-fitting algorithm has performed
satisfactorily, and generated a uniform quality measurement for all the experiments. Figure 17 is
the chart of the horizontal eye movement in the video eye images of Figure 16(a). The subject was
experiencing a horizontal rotational stimulus in a pseudorandom pattern consisting of different
sinusoids. Figure 17(b) is the detailed data plot of the area enclosed by the dotted rectangle in
Figure 17(a). Figure 17(b) shows how smooth the measurement output is.
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Figure 17. Measurement chart for the eye images shown in Figure 15(a). The subject was under a
rotation stimulus of a pseudorandom pattern: (a) horizontal pupil center measurement; (b)
magnified chart of the dotted region in (a).
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Figure18is thechartof theverticaleyemovementin thevideoeyeimageof Figure16(b).Figure
18(b)is thedetailedversionof thedottedareain Figure18(a). In thatexperiment,thesubjectwas
looking attheverticallymovingtargets,andregainingafixationpointtimeto time. Eventhougha
largereflectionoccludesthepupil andthepupil edgesaresmearedasin Figure16(b),thedisk-
fitting algorithmgeneratedsmoothoutputwithouta systematicbias.
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Figure 18. Measurement chart for the eye images shown in Figure 15(b). The subject was staring at
vertically moving visual targets: (a) vertical pupil center measurement; (b) magnified chart of the
dotted region in (a).
5.0 Conclusions
As shown in the performance analysis section, the disk-fitting algorithm is quite robust to common
image artifacts such as the droopy eyelid and light reflections while maintaining the same
measurement resolution with the centroid algorithm, which is about 0.05 pixel. Even when about
30% of the pupil area is occluded, the disk-fitting algorithm can measure the location and size of
the pupil with reasonable accuracy. The disk-fitting algorithm has successfully performed in our
laboratory with a variety of diagnostic test data. We have used it for measurements of pathologic
nystagmus (spontaneous, gaze-evoked, positional), measurements of visual-oculomotor control
(smooth pursuit, optokinetic nystagmus), and with rotational tests of vestibulo-ocular reflex
function. We have further demonstrated the robustness of the algorithm in practice in its ability to
track relatively poor eye video data which other commercial systems have failed to track.
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Following the precise measurement of the pupil center, iris tracking techniques can then be
implemented to derive torsion position of the eye. In the system implementation in our lab, a
torsion calculation algorithm based on cross calculation of iris mark is incorporated into the disk-
fitting algorithm. The disk-fitting algorithm therefore provides a platform for a non-invasive,
multidimensional eye movement capability which can be used to assess a variety of complex eye
movements. This algorithm should prove especially useful in clinical applications for the diagnosis
of pathology associated with complex neuronal networks involved in the vestibular and oculomotor
reflex pathways, and will enable further scientific investigations and technology development
requiring the precise recording of eye movements in 3D space.
37
k /
[10]
[11]
[12]
[13]
[14]
References
[1 ] L. Young and D. Sheena, "Survey of eye movement recording methods," Behavioral
Research Methods & Instrumentation, vol. 7, pp. 397-429, 1975.
[2] R.J. Leigh and D. S. Zee, The Neurology of Eye Movements, Philadelphia: F.A. Davis
Company, 1991.
[3] W. Graf, J. Baker, and B. W. Peterson, "Sensorimotor transformation in the cat's
vestibuloocular reflex system_ I. neuronal signals coding spatial coordination of
compensatory eye movements," J. Neurophysiol., vol. 70, pp. 2425-2441, 1993.
[4] J.M.R. Furman and R. W. Baloh, "Otolith-Ocular Testing in Human Subjects," in Sensing
and Motion Control, vol. 656, B. Cohen, D. L. Tomko, and F. Geudry, Eds., NY: Acad.
Sci., pp. 431-451, 1992.
[5] D.A. Robinson, "A method of measuring eye movement using a scleral search coil in a
magnetic field," IEEE Transactions on Biomedical Engineering, vol. bme-10, pp. 137-145,
1963.
[6] H. Collewijn, F. v. d. Mark, and T. C. Jansen, "Precise recording of human eye
movements," Vision Research, vol. 15, pp. 447-450, 1975.
[7] J. Reulen and L. Bakker, "The measurement of eye movement using double magnetic
induction," IEEE Transactions on Biomedical Engineering, vol. bme-29, pp. 740-744, 1982.
[8] H. Kasper and B. Hess, "Magnetic search coil system for linear detection of three-
dimensional angular movements," IEEE Transactions on Biomedical Engineering, vol. bme-
38, pp. 466-475, 1991.
[9] A. Parker, R. Kenyon, and L. Young, "Measurement of torsion from multitemporal images
of the eye using digital signal processing techniques," IEEE Transactions on Biomedical
Engineering, vol. bme-32, pp. 28-35, 1985.
K. Banerjee and A. Toga, "Image alignment by integrated rotational and translational
transformation matrix," Phys. Med. Biol., vol. 39, pp. 1969-1988, 1994.
J. Bos and B. Graaf, "Ocular torsion quantification with video images," IEEE Transaction of
Biomedical Engineering, vol. 41, pp. 351-357, 1994.
S. Yamanobe, S. Taira, T. Morizono, T. Yagi, and T. Kamio, "Eye movement analysis
system using computerized image recognition," Arch. Otolaryngol. Head Neck Surg., vol.
116, pp. 338-341, 1990.
M. Hatamian and D. Anderson, "Design considerations for a real-time ocular counterroll
instrument," IEEE Transactions on Biomedical Engineering, vol. bme-30, pp. 278-288,
1983.
T. Vieville and D. Masse, "Ocular counterrolling during active head tilting in humans," Acta.
Otolaryngol., vol. 103, pp. 280-290, 1987.
38
[15] S.Moore,I. Curthoys,andS.McCoy, "VTM-an imageprocessingsystemfor measuring
oculartorsion,"Computer Methods and Programs in Biomedicine, vol. 35, pp. 219-230,
1991.
[16] H. Scherer, W. Teiwes, and A. Clarke, "Measuring three dimensions of eye movement in
dynamic situations by means of videooculography," Acta.Otolaryngol., vol. 111, pp. 182-
187, 1991.
[17] K. Sung and D. Anderson, "Analysis of two video eye tracking algorithms," presented at
IEEE EMBS conference, Orlando, FL, 1991.
[18] G. Myers, K. Sherman, and L. Stark, "Eye monitor," in IEEE Computer Magazine, vol.
March, 1991, pp. 14-21.
[19] R. Hall, "Image processing algorithms for eye movement monitoring," Computers and
Biomedical Research, vol. 16, pp. 563-579, 1983.
[20] D. Ott, F. Gehle, and R. Eckmiller, "Video-oculographic measurement of 3- dimensional eye
rotations," J. Neuroscience Methods, vol. 35, pp. 229-234, 1990.
[21] Sahoo, T., Soltani, S., Wong, A., Chen, Y., "A Survey of Thresholding Techniques," in
Computer Vision, Graphics, and Image Processing, vol. 41, pp. 233-260, 1988.
39
Form ApprovedREPORT DOCUMENTATION PAGE OMB No. 0704-0188
Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and
maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information, including
suggestions for reducing this burden, to Wwashington Headquarters Services, Directorate for information Operations and Reports, 1215 Jefferson Davis Highway, Sutiel 1204, Arlington, VA 22202-
4302, and to the Office of Management and Budget, Paperwork Reduction Project (0704-0188), Washington, DC 20503.
1" AGENCY USE ONLY (Leave Blank) I2"REPORTDATE4/1/97 I 3" REPORT TYPE AND DATESCOV REDNASATechnicalPaper
4. TITLE AND SUBTITLE 5. FUNDING NUMBERS
A Model-Based Approach for the Measurement of Eye Movements Using Image Processing
6. AUTHOR(S)
Kwangjae Sung*, PhD, and Millard F. Reschke, PhD
7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES)
Lyndon B. Johnson Space Center
Houston, Texas 77058
9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES)
National Aeronautics and Space Administration
Washington, DC 20546-0001
8. PERFORMING ORGANIZATION
REPORT NUMBERS
S-825
10. SPONSORING/MONITORING
AGENCY REPORT NUMBER
TP-3680
11. SUPPLEMENTARY NOTES
* Visiting Scientist, University Space Research Association
12a. DISTRIBUTION/AVAILABILITY STATEMENT
Unclassified/Unlimited
Available from the NASA Center for Aerospace Information (CASI)
800 Elkridge Landing Road, Linthicum Heights, MD 21090-2934
(301) 621-0390 Subject Category: 51
12b. DISTRIBUTION CODE
13. ABSTRACT (Maximum 200 words)
This paper describes a video eye-tracking algorithm which searches for the best fit of the pupil modeled as a circular disk. The
algorithm is robust to common image artifacts such as the droopy eyelids and light reflections while maintaining the measurement
resolution available by the centroid algorithm. The presented algorithm is used to derive the pupil size and center coordinates, and
can be combined with iris-tracking techniques to measure ocular torsion. A comparison search method of pupil candidates using
pixel coordinate reference lookup tables optimizes the processing requirements for a least square fit of the circular disk model. This
paper includes quantitative analyses and simulation results for the resolution and the robustness of the algorithm. The algorithm
presented in this paper provides a platform for a noninvasive, multidimensional eye measurement system which can be used for
clinical and research applications requiring the precise recording of eye movements in three-dimensional space.
14. SUBJECT TERMS
eye movements, saccadic eye movements, optical measurement, ocutomotor nerves,
oculometers, centroids
15. NUMBER OF
PAGES
45
16. PRICE CODE
17. SECURITY CLASSIFICATION
OF REPORT
Unclassified
18. SECURITY CLASSIFICATION
OF THIS PAGE
Unclassified
19. SECURITY CLASSIFICATION
OF ABSTRACT
Unclassified
20. LIMITATION OF ABSTRACT
Standrard Form 298 (Rev Feb 89) (MS Word Mar 97)
Prescribed by ANSI Std. 239-18
298-102
NSN 7540-01-280-5500
